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1 Introduction 

In the article |DHj Davies and Hinz proved higher-order L^ Rellich inequalities of the 



\u\- 



, ' (jx > A(2m,'y) / , , ' — dx , (1) 



\^ , form 

o 

C^ . and 

/ ' , ' dx>^(2m + l,7) / , , '"' ^,, dx, (2) 

^> . 

Iv>( I for all u G C^(R \ {0}) with the sharp value for the constants A{2m, 7) and A{2m + 

}_j ■ 1)7)- Their approach uses some integral inequalities involving A|x|'^ together with 

iteration, and is set initially in a Riemannian manifold context. One of the aims of the 
present paper is to improve inequalities (^ and ((2) by adding a sharp non-negative 
term at the respective right-hand sides. In fact, this comes as a special - and most 
important - case of a more general theorem where instead of |x| we have a distance 
function d{x) = (i\st{x,K). Under a simple geometric assumption we establish an 
improved Rellich inequality of the form 



/ ; -dx> A{m,-i) I —^ — dx + B{m,-i)y / V-i 



u\Pdx, (3) 



for all u G C^{Q \ K), where at each step we have an optimal function Vi{x) and a 
sharp constant B{m,^)] see Theorem |21 for the precise statement. Here and below we 
interpret lA^'^nl as \S/ ^^'^~^'l'^u\ when m is odd. 



Improved versions of Hardy or Rellich inequlities have attracted considerable attention 
recently and especially for Hardy inequalities there is a substantial literature; see, e.g., 
|AE[ IBV[ IBFT| I(t(tM| IT] and references therein. The corresponding literature for 
Rellich inequalities is more restricted; see |(;(;M1 Ib1 IBTHTZH T]. 

As was the case in |DHj . our results are formulated in a Riemannian manifold context, 
but we note that they are also new in the Euclidean case. We consider a Riemannian 
manifold M of dimension A^ > 2, a domain $7 C M, a closed, piecewise smooth surface 
K of codimension k, 1 < k < N, and the distance function d{x) := dist{x,K) which 
we assume to be bounded in fi. We note that this last assumption is only needed 
for the improved inequality and not for the plain inequality where only the first term 
appears in the right-hand side of Q; to our knoweldge this is also new except in the 
case M = R^, a: = {0}, studied in ,DH,. 

We define recursively 

Xi(i) = (l-logt)-\ iG(0,l], 

Xi{t) = Xi{Xi^,{t)), i = 2,3,..., tG(0,l]. (4) 

These are iterated logarithmic functions that vanish at an increasingly slow rate at 
t = and satisfy Xi{l) = 1. 

Given ttt, G N and 7 > we also define 

^K7)= 11 ( J , 

i=o ^ 

A (m,7) = 11 ( J , 

A{m,'y) = A'{m,'y)A'{m,^) , (5) 

B{m,^) = ^-A{m,j)i ^ ( j + 

'!^' /pk-k + j + {m-2j)p\-2'] 

^ h P ' J ' 

Concerning the above definitions, we adopt the convention that empty sums are equal 
to zero and empty products are equal to one; this of course refers to the sum or product 
over j when m = 1. To state our first theorem we introduce the following technical 
hypothesis: 

7 / ^'-^-X^rf +^^ , ifn^iseven \ 13 + VwE 

^ ^ p ^ 3pk^s^^2k+6p ^ if^isodd,m>3 j ^ 4 ^*>- 

We then have 

Theorem 1 (improved Rellich inequality) Let m £ N and assume that d{-) is 
bounded in O. Let 7 > 6e such that fc — 7 — mp > and suppose that (*) is satisfied. 
Assume m,oreover that 

dAd -k+l>0,inn\K (6) 



in the distributional sense. Then there exists a Dq > sup^g^ d{x) such that for any 
D > Dq there holds 

[ (i-^|A™/\|Pdx > A(m,7) / d-'^'"'P\u\Pdx + (7) 

Jn Jn 

oo „ 

+i?(m,7)^ / d-'~"'PX!xl..Xf\u\Pdx, 

for all u G C^{n \ K), where Xj = Xj{d{x)/D). 

We present some examples where the geometric condition @ is satisfied: 

Example 1. Suppose that M = R^ and that K is affine. Then ^ is satisfied as an 
equahty (this includes the case where K consists of a single point). 

Example 2. Suppose that M is a Cartan-Hadamard manifold, that is, a simply con- 
nected geodesically complete non-compact manifold with non-positive sectional curva- 
ture. If if = {xq} (some point in M) then © is satisfied; see |SYj . 

Example 3. Suppose M = Mi x M2 where Mi is a Cartan-Hadamard manifold of 
dimension k. li K = {xq} x M2 for some xq E Mi, then, in an obvious notation, 
d{x,y){Ad){x,y) = d{x, y){Adi){x) > di{x){Adi){x) > A; — 1 , so © is satisfied for any 

ncM. 

Concerning the important case M = R , K = dQ, condition is satisfied if $7 is 
the complement of a convex domain. This however is excluded from our theorem due 
to the assumptions k — j — mp > 0, 7 > ^; on the other hand, these conditions are 
not needed for Theorem [21 below. It should be noted that Rellich inequalities involving 
dist(x,90) present surprising difficulties when p ^ 2. In particular, it is not known 
whether the inequality Jq \Au\Pdx > {{p — l){2p — 1)/p'^}p Jq {ul^d^'^^dx is valid when 
fi is bounded and convex with a smooth boundary; see also T, Chapter 2] for results 
in this direction. 

In our second theorem we prove the optimality of the constants and exponents of 
Theorem ^ This is quite technical and shall be established only in the case where 
M = R^ and K is affine (or, indeed, has an affine part, since the argument is local); 
we believe that extra effort should yield the result in the general case, but we have not 
pursued this. This would require in particular estimates on the behavior of higher-order 
derivatives of d{x) near K; see jAS( Theorem 3.2]. 

Theorem 2 (optimality) Let Q, C R and let K be an affine hypersurface of codi- 
mension k G {!,..., A^} such that K Ci il 7^ 0. Assume that for some 7 G R, 
D > supf^ d{x), r > 1 and some G R, C > there holds 

d-'^\A"'/^u\Pdx > \A{m,j)\ f d-''-"'P\u\Pdx + 
n Jn 

+\B{m, 7)1 y / d-^-'^'PXfxi . . . Xf\u\Pdx + C f d-^'-'^PXfxl . . . X^^iXf.\u\Pdx , 
~! Jn Jn 



^ We note here that the condition 7 > of Theorem can be weakened to pfc — fc + 7 > 0. We 
have not persued this since our main goal is to obtain inequalities whose left-hand sides do not involve 
any weight (and this only requires 7 > 0; see the proof of Theorem 1 below). We note however that if 
negative 7 were allowed, then condition (*) would need to be strengthened; see the comments in the 
beginning of the proof of Theorem 



for all u G C^{n), where Xj = Xj{d{x)/D). Then 

(i) 0>2, 
(ii) if9 = 2thenC<\B{m,j)\. 



We note that Xj{d{x)/Di)/Xj{d{x)/D2) ^ 1 as d{x) -^ 0, for any Di,D2 > supj^ d 
and in this sense the precise value of Dq in Theorem ^ does not affect the optimality 
of the theorem. We also note that by a standard argument, if /c — 7 — mp > then the 
validity of for all u E C^{n \ K) imphes its validity for all u G C^{9.). 

The proof of Theorem 1 is given in Section 2 and uses some of the ideas of [B] and, in 
particular, induction on m. However, it is more technical due to p ^ 2 and the extra 
parameter k] moreover, the proof in .B^ uses one-dimensional arguments and depends 
on the Euclidean structure. The proof of Theorem 2 is given in Section 3 and uses an 
appropriately chosen minimising sequence. 

2 The Rellich inequality 

Throughout the paper we shall repeatedly use the differentiation rule 

|xf(t) = ^Xi(t)X2(t)...X,_i(t)xf+i(t), i = l,2,..., /?GR, (8) 

which is easily proved by induction on f G N. Let us define the functions 

00 00 

r/(t) = Y^XrX2 ...Xi, C{t) = J2xfxl . . . Xf , 

i=l i=l 

00 i 

9{t) = X! X! ^1 ■■■-^j ^i+1 ■■■-^i ' 

(see [Bj for a detailed discussion of the convergence of these series) . It follows from 
that 

V{i) = ^^ , C(0 = ^^. tG(0,l). (9) 

Note. In the sequel we shall use the symbol Xj for Xi(t), t G (0, 1], for Xi{d{x)/D), 
X E Q, D > supQ d, and also for Xi{t/D), t G (0,supj7(i), D > supf^ d. It will always 
be made explicit which meaning is intended. The same also holds for the functions r/, 
C, and 9. 

For the sake of simplicity we work with real- valued functions, noting that with minor 
modifications the proofs also work in the complex case. As in I DHj . the proof of 
Theorem n uses iteration and for this we shall need to consider first the case m = 2. 
The following proposition has been obtained in |BTj for 7 = /x = 0. We set 



{k - -f - 2p){pk - k + -f) 

V — 9 : 



Proposition 3 Let 7, /x > be given and assume that k — j — 2p > 0. Suppose that 

dAd -k + l>0 , inn\K (10) 

in the distributional sense and assume also that (4p — 2)7 7^ 3pk — Sp"^ — 2k + 6p or 
p > (13 + \/l05)/4. Then there exists Dq > sup^ d{x) such that for all D > Dq and all 
H > there holds 

f d-^{l + K)|Au|P(ix >QP f (i-^-2P|u|Pdx + (11) 

for all u G C~(17 \ K); here C = C{d{x)/D). 

Proof. Let u G C^(0 \ K) be fixed. For a positive, locally bounded function (p with 
|V(/.| GLi,^(f7\i^) we have 

A4)\u\Pdx = p f V(p-{\u\P''^uVu)dx 
n Jn 



= —p / (j)\u\^ uAudx — p{p—l) / (t)\u\'^ |Vn| dx 
Jn Jn 

< pi- / d^(l + /iC)"^0^|u|Pdx + 

^ p Jo. 



P Jn 
+ 



p Jn 
from which follows that 



- / d'"<{l + iiC)\Au\Pdx) -pip -I) I 0|n|P-2|Vn|2fix, 
V Jn ' Jn 



where 



/ d-^(i + /iC)|An|P(ix>ri + r2 + r3, (12) 

Jn 

Ti =p(j,-\) f (P\u\P~^\Vu\'^dx, 
Jn 



n 

A(j)\u\Pdx, 
n 

7 



r3 = -(p-l)/ dp-^{l + fiC) p-^(l)P-^\u\Pdx. 



n 



We next choose cj) = Xd~^~'^P~^'^{l + ar] + (irf) where A > and a,/? G R are to be 
determined and r/ = r]{d{x)/D) with D > sup^ d also yet to be determined. To estimate 
Ti we set v = \u\p''^ and apply jBTl Theorem 1] obtaining 

Ti = ^^1:1^ [ d-^-^P^\l + arj + Pv^)\^v\^dx 
p Jn 

4(p-l)A r ^_^_2p((k-j-2pf {k-^-2pfa ^ 



^^(fe^7_M5^^(A^^7_M!^^^.^ (13) 

1 ^ (A;-7-2p)a\^^| IP 



+ (4 + ' '^^^K\\u\^dx. 



To estimate T2 we define f{t) = Xt-'^-^P+^{l + ar]{t/D) + /37]^{t/D)), t G (0,supn d), 
so that (/>(x) = f{d{x)). We then have 



/'(t) = Xt-<-^P+^[{-^ - 2p + 2) + (-7 - 2p + 2)ar? + [| + (-7 - 2p + 2)/3' 



a 



+- 



C + /3?7' + /?r/C} 



(14) 



and 



f"{t) = At-^-2p|(^^2p-l)(7 + 2p-2) + (7 + 2p-l)(7 + 2p-2; 
(27 + Ap- 3)a 



ary 



+ (7 + 2p-l)(7 + 2p-2)/3 



V 



(15) 



+ 



(27 + 4p - 3)a 



a 



C + [ 2 - (27 + 4p - 3)/3j (7/^ + 7/C) + a^ 



(where the argument of rj^Q and 9 in (flU) and (fT5|) is t/D). Since /'(t) < for large 
D, we have from (fTUIl 



A^ = -f"{d) - f'{d)Ad > -f"{d) - ^f'{d) , 



(16) 



in the distributional sense in i^\ K. Combining (fTHl . ((T^ and (fT^ we conclude that 
T2 > A / d-^-2pJ(A:-7-2p)(7 + 2p-2) + (A;-7-2p)(7 + 2p-2)ar/ + 



+ 



-1 iL a + {k--f- 2p)(7 + 2p - 2)/?)r72 

^27 + 4p-/c-2 



a C 



(17) 



a 



+ ((27 + 4p-k-2)P--j (??3 + r/C) -ae + 0{r]^) \ dx. 
As for T3, we use Taylor's theorem to obtain after some simple calculations 



]_ p 

(1 + //C) P-10P-1 

\p-^d p-i <{ 1 H r] + \ T + 



p-l' \p-l 2(p-l)2 



r?^ + 



'^ C+fT^^-^#^^^^-7:^^^C + 0(,- 



p-V^\{p-lf 6(p-l)3 
and thus conclude that 

Ts =-(p-l)Ai^/^Wl + ^,+ (^ 
■/f7 [ p-l Vp - 1 



(p-l] 



+ 



pa 



/^ 



-c + 



pa/3 p(p-2)a3 \ 3 



.(p-l)2 6(p-l)3;'' (p-l)2 
Using (O, dTTJ and (UH) we arrive at 

/ d-^(l + K)|Au|Pdx > / d~"'~^PV\u\Pdx 
Jn Jn 

6 



2(p-i)2y p-i 

r/C + 0(r?^) Ux. (18) 



(19) 



where the function V has the form 

V = ro + riTj + r27?^ + raC + r^r]^ + r'r^ijC + r';^6 + 0{ri'^). 

We compute the coefficients ri,r[,r'l by adding the respective coefficients from (jT^ . 
(dZI) and (CHI). We find 

(A;-7-2p)(pA;-A; + 7) n\^ 

ro = A - (p - 1)Ap-i , 

P 

(k — ^ — 2p) (pk — A; + 7) , , .jl. 

n = ■ ^-^^ -Xa - pXp-^ a , 

P 

pk + 2p-2k + 2-f ^ {k--f -2p){pk-k + 'y) ^^ 

r2 = aX H pX - 

2p p 

, fp-1 pk-2k + 2p + 2-f\ P^ 



r3 



.(_|,p,,4,-.-2),)-(,-l,A^(^-^|3f) 



r'^ = —Xa . 
We now proceed to specify A, a and p. We choose A so as to optimize ro, which yields 

X = QP-' , ro = QP. 
Then ri = irrespective of the choice of a and /?. We subsequently choose 

(p- l)(pk - 2k + 2p + 2-/) 



a 



(A; — 7 — 2p) {pk — A: + 7) 



which yields r2 = and r2 = -6(2,7) + A^^(2;7)- Hence it remains to show that /? can 
be chosen so that for large enough D there holds 

rsT]^ + 4vC + '■36' + 0(??^) > in f7. (21) 

This is done in the following lemma and this is where condition (*) is needed. // 

Lemma 4Ifj^ {3pk — Sp"^ — 2k + 6p) / {Ap — 2) or p > (13 + \/l05)/4 then there exists 
/3 G R such that for large enough D there holds 

nn^ + ^3^C + r'^0 + 0(7?^) > in 9. (22) 

(here rj = r]{d{x)/D), and similarly for C and 6). 

Proof. We claim that it is enough to find /? G R such that for large enough D we have 

r3+r's + r':^>0. (23) 



Indeed, the fact that 



t-*o+Xf{t) t^o+ Xf{t) t^o+Xf{t) 



impUes that 



rsV^ + r'^vC + r'ie + 0{r]^) = (rs + r^(l + o(l)) + r^'(l + o(l))) rj^ + 0(7?^) 

where hmo(l) = as D ^ +cxd, uniformly in x G fi; hence ()2'2p fohows. 
To prove (|23() we calculate r3,r3 and r3; from 1)20(1 we obtain 

V 2 p— 1/ p— 1 

where i2 = 2{p — 1) (A; — 7 — 2p)QP~^ /p . We distinguish two cases, 
(i) 7 7^ (3pA; — 87?^ — 2k + 6p)/{Ap — 2). We then observe that the coefficient of /3 in 
^^3 + ''s + I'd is non-zero. Hence (|23|) is satisfied if /? is either large and negative or large 
and positive. 

(ii) 7 = {3pk — Sp^ — 2k + 6p)/{Ap — 2). We then choose /? = and we have 

(fc-2)^(4p-3) 2(A;-2)(p-l)^ 

^ 4(2p-l)2 ' ""^ Pi2p-1) ' 

from which follows that 

, 2{2p-l)aQP~\ ^ 2 -.0 ^o, 
^^ + '^ + '^= 3pi4p-3) ^^P -13P + 8). 

Since a > in this case, this is positive as (13 + VT05)/4 is the largest root of the 
polynomial 2p'^ — 13p + 8. // 

Note. Using (p = Xd^^^'^^'^'^ {1 + a?] + /^ry^ + /3iC) in order to remove (*) does not work, 
as the coefficient of /3i in r^ + r'^ + r'^ turns out to be zero when the corresponding 
coefficient of /? is zero. 

Lemma 5 Let ?n, E N and 7 > 0. Then: 

(i) // m is even then 

(a) ^(m,7) = ^(2,7)^(m-2,7 + 2p), 

(6) B{m, 7) = A{2, -i)B{m - 2, 7 + 2p) + A{m - 2, 7 + 2p)B{2, 7). 

(ii) // m is odd then 

(a) ^(m,7) = ^(l,7)^(m-l,7+p), 

(6) B{m,j) = A{l,j)B{m - l,j + p) + A{m - l,-f + p)B{l,-f). 



Proof. We shall only prove (i)(b), the other cases being simpler or similar. So let us 
assume that m, = 2r, r G N. Then 

A{2, 7)S(2r - 2, 7 + 2p) + A{2r -2,7 + 2p)B{2, 7) 
/k — 'J — 2p\p /pk — k + j\p p — 1 
V p J \ p J 2p 

n*^ //c — 7 — (2r — 2i)p\p /pk — A; + 7 + (2r — 2j)p\p 
ll[ - ) [ - ) 

1=0 j=l ^ '■ 

!^/ fc-7-(2r-2i)p x-2 !X^ pfc - A: + 7 + (2r - 2j) p^^ -2 

j=0 ^ j=i ^ 



+ 



k — J — (2r — 2i)p\p /pk — A; + 7 + (2r — 2j)p\p 



r-2r-l 

p — 1 fk — ^ — 2p\p fpk — k + ^\p ^ fk — ^ — 2p\-'i ^ fpk — k + ^\-'i 



2p \ p 






> /pk — k + j\p ( /k — ^ — 2p\-2 /p/^ _ /j -)- ^y 



_ p— lV|--[^//c — 7— (2r — 2i)p\p /pk — A; + 7 + (2r — 2j)p\p 
2p MMv 1^ ^ V ^ J 

r^ /A;-7- (2r-2i)p\-2 j:^ /pA; - A: + 7 + (2r-2j)p\-2 

'^ j=0 ^ j=i ^ 

= A{2r,j), 

as claimed. // 

Proof of Theorem ^ Before proceeding with the proof, let us make a comment on 
its assumptions. The proof essentially uses iteration. For example, if m is even, then 
we repeatedly use Proposition |31 obtaining 

. |^m/2^|p . |^(m-2)/2^|p . , ^JA("^-^)/2«|P , 

etc. Hence at the (i + l)th step, < i < (ttt. — 2)/2, we estimate the integral /^(aj + 
biC)d~^'^^'^^'P^\A^"^~'^^^/'^u\Pdx. In applying Proposition |5J we verify that (i) A; — (7 + 
2ip) — 2p > (this is satisfied since A: — 7 — mp > 0) and (ii) if p < (13 + \/l05)/4, then 
7 + 2ip / (3pA; — 8p^ — 2A; + Qp)/{Ap — 2). This is indeed the case by the assumption 
of the theorem since ^ + jp > <ipk — Sp^ — 2k + Qp)/{Ap — 2) for any j > 2 (recall that 
7>0). 

We now come to the details of the proof. We shall use induction on [{m + l)/2]. If 
[{m + l)/2] = 1, that is m, = 1 or m = 2, then (O follows from |BT[ Theorem 1] 
or Proposition El respectively. We assume that the statement of the theorem is valid 
for [{m + l)/2] G {1,2, . . . ,r — 1} and consider the case [{m + l)/2] = r. For this we 
distinguish two cases, depending on whether m is even or odd. 

(i) m even. We first use Proposition 13] and then the induction hypothesis (and for 
this we note that the assumption A; — 7 — mp > implies both A; — 7 — 2p > and 
A; - (7 + 2p) - (m - 2)p > 0). We have 

d-T(l+K)|A™/2u|P(ix 



Jn Jn 

> A(2,7)(^(m-2,7 + 2p) f d'^-'^PlulPdx +B{m - 2,-f + 2p) f d-^'^^PClul^dx} 
[ Jn Jn } 

+ [B{2, 7) + A{2, j)fj]A{m - 2, 7 + 2p) / d-^-^^CI^rd^ 

Jn 

= A{2, -f)A{m - 2, 7 + 2p) / d-^-"P|u|Pdx + 

+1 [^(2, 7)5(m - 2, 7 + 2p) + A{m -2,7 + 2p)B{2, 7)] + 

+A(2, 7)^(m -2,7 + 2p)fA J d-''-"'PC\u\Pdx, 

and the proof is complete if we recall Lemma El 

(ii) m odd. The proof is similar, the only difference being that we use |BT| Theorem 

1] instead of Proposition |3J We omit the details. // 

Remark 6 We point out that in the proofs of Proposition |21 and Theorem ^ we did 
not use at any point the assumption that k is the codimension of the set K. Indeed, a 
careful look at the two proofs shows that K can be any closed set such that dist(x, K) 
is bounded in and for which the inequality dAd — k + 1 > is satisfied in Q\ K; 
the proof does not even require k to be an integer. Of course, the natural realization 
of this assumption is that K is smooth and k = codim(i^). 

Let us define the inradius of ft relative to K by Inr(J7;ir) = supQ(i(x). Looking 
at the proof of Theorem ^ we see that when D is chosen large enough, the actual 
requirement is that d{x)/D is small uniformly in x G ft. This, combined with the 
fact that t~'^~"^PXf . . . Xfit) has a positive minimum in (0, 1), leads to the following 
corollary of Theorem ^ 

Corollary 7 Under the conditions of Theorem^ for any r > there exists a constant 
c = c{m,p, k,r) > such that 



d-''\A'^/\\Pdx>A{m,j) d-^-'^PlulPdx + (24) 

Jn 

+5(m,7)V / d-''-"'PXfxl...Xf\u\Pdx + clni{n;K)-''-"'P f \u\Pdx, 
■^^ Jn Jn 

for allueC^{n\K). 

We end this section with a proposition about the case where condition (*) is not 
satisfied. 

Proposition 8 Suppose that all conditions of Theorem^ except (*) are satisfied. Then 

d-^|A"/\|Pdx > A{m,j) I d-^-'^P\u\Pdx + cj d-^-'^P+'\u\Pdx , (25) 

n Jn Jn 

for any e > and all u £ C^{il. \ K). 

10 



Proof. We only give a sketch of the proof. Suppose first that m = 2. We use ()12() . 
but this time with (f) = A(i~'^~^P+^(l + //d*^); here /i is to be determined and A = Q^~^. 
Arguing as in the proof of Proposition |31 we obtain 



d-"'\A"'/^u\Pdx>A{m,-f) / d-^-'^P\u\Pdx+ / Vd-"'-^P\u\Pdx , (26) 

n Jn Jn 



where 

V(x) = —(p-l)(k-'j-2p + efd^ + Xfi(k--f-2p + e)h + 2p-2-e)d' 
p 

+{p - 1)A^ - {p- 1)A^(1 + ^d')^; 

p 
here we have added and subtracted {p — 1)Xp-^ in order to create the first term in the 

right-hand side of (|26|) . Using Taylor's theorem we obtain 

V{x) = {ciXfie + 0{e'^))d' + 0{d^'), 

where ci = {pk — 2k + 2'y + 2p)/p. The fact that (*) is violated implies that ci 7^ 0, and 
choosing ^ so that ci^ > completes the proof when m = 2. Iteration yields the result 
in the general case when m is even. The case where m is odd is treated similarly. // 



3 Optimality of the constants 

In this section we present the proof of Theorem [2 Hence we assume throughout that 
Q is domain in R and K is an affine hypersurface of codimension A; G {1, 2, ... , N}. 

For the sake of simplicity we shall only consider the special case 7 = 0, the proof in the 
general case presenting no difference whatsoever other than the additional dependence 
of some constants on 7. Also, for the sake of bravity we shall prove the theorem only 
for m even, the proof when m is odd being similar. 

Hence, writing A{2m) and B{2m) for yl(2m,0) and B(2m,0) respectively, we intend 
to look closely at 

l2m,r-i[u] :=J\A^u\Pdx-\A{2m)\J ^dx - \B{2m){'£ J ^x!...x!dx, 

2 = 1 

for particular test functions u; here and below, Xj = Xj(d{x)/D) for some fixed D > 
supQ d{x). We begin by defining the polynomial 

m—l m 

amis) = Wis - 2i)\{{s + k -2j) , sGR, 

1=0 i=l 

which will play an important role in the sequel. 
Lemma 9 There holds 



(i) 


\Ai2m)\ = |a„|P 


„_2mp-fe ' 
P 






(27) 


(ii) 


\Bi2n.)\ = \^' 


1 |P-2f^/2 _ 


- a^a'^) 


^_ 2mp—k 
P 


(28) 
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Proof. Part (i) is easily verified. From the relation 

/ m~l m 






i=0 j=l 



we obtain 



/ , m—l 



a™ ("m - am<a) = -(— ) = E (^ - 2^"' + E(^ + ^ - 2i)"', 



'""' i=0 i=l 



and (ii) follows. // 

Let So > {2mp — k)/p and si, . . . , s,. G R be fixed parameters. For < i < j < r we 



define 



^jj — X]^ . . . Xj Xj+i ■ ■ ■ Xj , 



with the natural interpretations Iqo = 1) ^i = -''^i • • • Xf, Yqj = Xi . . . Xj. We then 
define the integrals 

Tij = f d(«0-2m)p^psi _ _ XP'^Yijdx 

Jn 

Lemma 10 Let u{x) = d^^'X^^ . . . X^\ where Xi = Xi{d{x)/D). Then 

hm,r^i M = E %-r*j + / d('»-'™)^Xr^Xf ^ . . . Xr^O{Xf)dx , (29) 

0<i<j<r 

where 

aoo = \am\^ - \A{2m)\, 

an = -Y\am\^"'^[amamisi + l) + {p-l)a'^Sij -\B{2m)\, 1 < i < r - 1, 
ttrr = -^\am\^'^[a„ia'^{sr + l) + {p-l)a'^Srj, (30) 



2 \a^\P-^i^ama'^{2.Si + l) + 2{p-l)a'^Sij, 1 < i < j < r ; 



aij = ^\am\^-^[ama'l^{2si + l) + 2{p-l)a[li 
here and below, am, a'm and a'^ stand for am{sQ) , a^l'^o) and a'^iso) respectively. 
Proof. The fact that K is affine implies that Ad = (k — l)/d and therefore 

A(/(d)) = f"{d) + ^f'{d) , (31) 

for any smooth function / on (0, +oo). We define the functions g, g by 
g{x) = siXi + S2X1X2 + ... SrXiX2 ...Xr, Vg = |vd , 

12 



and observe that by (jSj), 

gHt) = 0{x!) , f{t) = 0{Xt). 
Now, pif) and ()32() together with a simple induction argument on m imply 



(32) 



Using Taylor's theorem we then obtain 



amT+Plamr araa'^g{d) 



(33) 






t' 



(p - l)^:^)^' + \\am?-^amal~g + 0{Xl) . 



On the other hand we have (cf. (jS])) 

J^ i=i 

•^^ j=l l<i<3<r 

T 



(34) 



i=\ 



^<i<j<r 



The stated relation follows from (|33|) . (I^H) and the fact that /2m,r-i[^] = Jq {A'^ul^dx — 
\A{2m)\roo-\B{2m)\j:illr,i. ' // 

Up to this point the exponents sq,si, . . . ,Sr where arbitrary subject only to sq > 
(2mp — k)/p. We now make a more specific choice, taking 



So 



2mp — A; + eo 
P 



4 + 6, 

P 



, l<j<r, 



(35) 



where eq, • • • , Cr are small positive parameters. We consider l2m,r-i[u] as a function of 
these parameters and intend to take the limits eo \ 0, . . . , e^ \ 0. In taking these limits 
we shall ignore terms that are bounded uniformly in the e^'s. In order to distinguish 
such terms we shall need the following criterion, which is a simple consequence of (jSJ: 



d 



-fc+eo vl+a 



X^^'\..X;+'^dx<oo 



eo>0 
or eo = and ei > 
or eo = ei = and e2 > 



l^ or eo = ei 



. . = €r-i = and er > 0. 

(36) 
Also, concerning terms that diverge as the e^'s tend to zero, we shall need some quanti- 
tive information on the rate of divergence as well as some mutual cancelation properties. 
These are collected in the following 
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Lemma 11 We have 



(i) / d~''+'"X'^dx < cse^^^'^ , p<l; 
Jn 

(ii) [ d'''Xi...X,^iXl+'^X^_^^dx<cpe-^+\ /3<1, l<z<r-l- 

r 

(iii) eoroo - 2eo ^ C^ - (^jWoj = 

r 

J2{e,-ej)T,i- Y. (l-ei)(l-2e,)ri, + 0(l), 

where the 0(1) is uniform in eo, . . . ,€r ; 
(iv) let i > and (if i > 1) assume that cq = . . . = ej_i = 0. Then 

r 

eir,i= Y. (i_e^.)r,,+0(l), 
where the 0(1) is uniform in a, . . . ,€r. 



Proof. Parts (i) and (ii) are proved using the coarea formula and JBl Lemma 9]. 
Parts (iii) and (iv) are proved by integrating by parts; see |BFTj . pages 181 and 184 
respectively for the detailed proof. // 

Remark 12 We are now in position to prove Theorem [2 but before proceeding some 
comments are necessary. The proof of the theorem is local: we fix a point xo € i^Ci K 
and work entirely in a small ball B{xq, 6) using a cut-off function (p. The sequence of 
functions that is used is then given by 

2mp— fc + gQ — l + ej — 1 + gr 

u{x) = <j){x)d{x) V Xi{d{x)/D)^^ ...Xr{d{x)/D)^^, (eo, • • • , e^ > 0) 

and, as already mentioned, we take the successive limits eo \ 0, . . . , e^ \ 0; in taking 
this limits, we work modulo terms that are bounded uniformly in the remaining ej's. 
Such terms are any terms that contain derivatives of (j). Hence, for the sake of simplicity 
and bravity, we shall completely drop (j) from the ensuing coomputations; see also the 
remark in |DH| p521] or the proof of |BT| Theorem 4]. 

Proof of Theorem |2l We consider the function 

u{x) = d V X-^ '' ...Xr" , (37) 

where eo, • • • , Cr are small and positive. A standard argument shows that u lies in the 
approprite Sobolev space. We have seen that 

l2m,r-l[u]= Y aij^ij + 0{l), (38) 

0<«<i<r- 

where the coefficients Uij are given by (|Hn|) and the Sj's are related to the e^'s by (|S^ . 
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We let eo \ in ()29() . It follows from (jSHJ that all Fj^'s with i > 1 have finite limits. 
As for the remaining terms, applying Lemma ^2 with f3 = —3/2 (for j = 0) and with 
P = —1/2 (for j > 1) we obtain respectively 



Too < ceg ^ 



roj < ce, 



' 



(39) 



where in both cases c > is independent of all the e^'s. Now, we think of the quantities 
aoj of Lemma imi as functions of eo and consider ei, . . . , e,. as small positive parameters. 
Using Taylor's theorem we shall expand the coefficient aoj of Tqj, j = (resp. j > 1) 
in powers of eo and (|39j) shows that we can discard powers with exponent > 3 (resp. 
> 2). We shall compute the remaining ones and for this we define 

aoi(eo) := aoi(so) = aoj{{2mp -k + eo)/p) 

and denote by ^fc,oj the coefficient of eg in aoj(eo). We then have from Lemma [TUl 
- Constant term in aoo-' We have 

aoo(eo) = |am(so)|*'- |^(2m)| 



m—l 

n( 

j=0 



[2m — 2i)p — k + eq 



n 



(2m — 2j)p + kp — k + cq 



(40) 
\A{2m)\ 



and therefore, using ((?7|) . ^o,oo = aoo(O) = |am(so)|^ 



€0 = 



\A{2m) 



Coefficient of eo in aoo-' Differentiating (|4U|) we obtain 

1 , 



aoo(eo) = -aoo(so) = \amisoW ^am(so)a^(so) 



(41) 



and therefore the coefficient is 



^1,00 = aoo(O) = \amiso)\^ am{so)a'^iso) 



eo=0 



Coefficient of e^ in aoo-' We have from (|^T|) 



A 



2,00 



aoo('So) 



€0=0 2p 



€0=0 



■[\amisoW ^am(so)a^(so)) 
Concerning aoj, j > 1, we have aoj(eo) = psj\am{so)\^~'^ctm(so)a'^{so) and therefore 

^Oji^o) = Sj[\am{so)\^~'^am{so)a'^{so)j . 

Hence: 

- Constant term in gqj, j > 1: This is 

^o,Oj = aoi(O) = psj\am{so)\^~'^Oim{so)a'jn{so) 

- Coefficient of eo in qqj : This is 

M,oj = aoj(O) = Sj(|am(so)r~^am(so)am('So)) 



€0 = 



€0=0 
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Now, we observe that Aq^j = psjAi^Q = (e^ — l)^i^oo- Hence (iv) of LemmaITT] implies 
that 

r 

^i,ooeoroo + E ^m^oj = 0(1) (42) 

i=i 

uniformly in ei, . . . , e^. Similarly, we observe that Ai^j = 2psj^2,oo = 2(— 1 + ej)^2,oo- 
Hence, by (iii) of Lemma ITTl the remaining 'bad' terms when combined give 

r 

^2,ooeoroo + eo 2^ AifijToj = 

r 

= A2,oo(e§roo-2eo5](l-e,)ro,) (43) 

i=i 

= A2,oo{j2(^^-e^)T,,- Y. (l-e,)(l-2e,)r,,)+0(l), 

uniformly in ei, . . . , e^. Note that the right-hand side of (|43() has a finite limit as eo \ 0. 
From (|38jl . (|42l) and (|43|1 we conclude that, after letting eo \ 0, we are left with 

hm,r-l[u\ 

= ^(an + ^2,oo(ei-e?))rii+ ^ Uj - ^2,oo(l - ei)(l - 2ei))rij + 0(1) 

r 

=: 5]ferii+ 5] 6i,r,j + 0(1) , (eo = 0), (44) 



cr- 



where the 0(1) is uniform in ei, . . . , e^ 

We next let ei \ in 1)44(1 . It follows from (|36() that all the Tjj's have finite limits, 
except those with i = 1 which diverge to -|-cxd. For the latter we have 



by (ii) of Lemma [ill with (3 = —3/2 and /? = —1/2 respectively; in both cases the 
constant c is independent of €2 , • • • , e,. . We think of the coefficients bij as functions - 
indeed, polynomials - of ei and we expand these in powers of ei. The estimates above 
on Tij imply that only the terms l,ei and ef (resp. 1 and ei) give contributions for 
Fii (resp. Fij, j > 2) that do not vanish as ei \ 0. We shall compute the coefficients 
of these terms. Our starting point are the relations (cf. (|44() 

&ii(ei) = aii(so) +^2,oo(ei -e?) 

= -^ — \am\'^~'^ (ama'^ip - 1 + ei) + (p - l)(ei - l)a^j 

+^2,oo(ei-e?)-|S(2m)| (45) 

and, for j > 2, 

bij{ei) = aij(so) -^2,00(1 -ej)(l -2ei) 

f la |P~^ r o 1 

= (ej-l)| ' '^^ [ama;^i2ei+p-2) + 2{p-l)agiei-l)\ + 

+^2,00(1 -2ei) I . (46) 

16 



Hence, denoting by -Bfc,ij the coefficient of e^ in bij, j > 1, we have: 
- Constant term in bu: This is 



B, 



0,11 



611 (0) 

1 

0, 



ar. 



ei=0 

IP-2 



(ama^(p- 1) - (p 



l)a;^) -\B(2m) 



by (P|). 

- Coefficient of ei in bu: From (jl5|) we obtain 

lP-2 



fcil(ei) 



Or 



2p 



ama'^S'^ei + p - 2) + {p - l)aZ{2ei - 2) + ^2,00(1 - 2ei) (47) 



and therefore the coefficient is 



B 



1,11 



b'uiO) 



Or 



lp-2 



2p 



|(p - 2)Qmam - 2(p - 1)"™} + ^2, 



00- 



Coefficient of ef in bu: From (|17|l . 



i?2,ii = ki(o) = '"" 



lP-2 



2"^^^-' 2p 

Constant term in bij, j > 2: This is 



\^ama'^ + {p- l)am} - ^2,00 = 0. 



Bo,ij = hj{0) = {ej-l) 



\ar. 



lP-2 



2p 



{p - 2)ama^ - 2{p - l)a 



/2 



+ A 



2m- 



Coefficient of ei in bij, j >2: From (|1H|) . 

I IP~2 

Bi,ij = b[j{0) = {cj - 1)|^^^^ {oima^ + {p- 1)"™) - 2^2,00} = 0. 



We obsrerve that -Bo,ij = (cj — 1)-Si,ii, j > 2. Hence (iv) of Lemma [TTl gives 

r 

ei5i,iirii + ^5o,yri, = o(i), 

i=2 



(48) 



uniformly in €2, . . . , e,.. Combining 1)44^ and H48|) we conclude that after letting ei \ 
we are left with 



l2m,r-l[u] = Yl ^ii^ii + ^(1) ' (^0 = fl = 0), 

2<J<i<r 



(49) 



uniformly in 62, . . . , e^. Note that we have the same coefficients bij as in 1)44^ . unlike 
the case where the limit eo \ was taken, where we passed from the coefficients Oij to 



the coefficients bij. 
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We proceed in this way. At the ith step we denote by -Bfc.ij the coefficient of e^ in bij , 
j > i, and observe that 

Bo,ij = (cj - l)-Bi,M , B2^ii = Bi^ij = , j > i + 1- 

Hence (iv) of Lemma ITT] imphes the cancelation (modulo uniformly bounded terms) of 
all terms that, separetely, diverge as e^ \ 0. Eventually, after letting Ej—i \ 0, we 
arrive at 

l2m,r-l[u] = brrTrr + 0{1) , (co = Cl = . . . = Cr-l = 0). (50) 

Since 



u 



p 



X? . . . XUx = Tr 
n 



^2mp"''"l ■ ■ ■ ^^r^ 



and lim^^^^o Trr = +00 (cf (fTT|) ) we conclude that 

. r hm,r-l[v] ^ ,. brrTrr + 0{l) 

mi r-:- — ■ < lim 



c^(^\^)J^^X!...X?dx -\o 



r. 



lim brr 

er\0 

lim ttrr 

<Er\0 

lim — ^|amr~^(amam(sr + 1) + (p - l)a'^Sr) 

"ml v"m, "m'-'m/ 



P 1,„ lp-2/ /2 



2j* 

(by (HHI)) = |5(2m)|. 

This proves part (ii) of the theorem. Part (i) follows by slightly modifying the above 
argument; we omit the details. // 
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